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ABSTRCT: In [1] we define SMARANDACHE FACTOR 


PARTITION FUNCTION , as follows: 


Let 1, Q2,03,...a, be a set of r natural numbers 
and pi, P2,pP3,---Pr be arbitrarily chosen distinct primes then 
F(a; , G2, 03,...a,) called the Smarandache Factor Partition of 
(a1, G2, 43,...a,) is defined as the number of ways in which the 
number 

ai 22 a3 ar 
N = P1 P2 P3 ... Pr could be expressed as the 


product of its’ divisors. For simplicity , we denote F(a;,a2,a3,.. 


_a, ) = F (N) ,where 


a, a2 a3 ar Qn 


N = Dy De -P3 2% pr ... Pn 


and p,is the r'" prime. p;, =2, p2 =3 ete. 


Also for the case 


Let us denote 


ik G(s a Ds 
<_- n-ones —- 


F ( 1#n) 


In [2] we define The Generalized Smarandache Star 
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Function as follows: 


Smarandache Star Function 


(1) F'(N) = > F(d,) where d,|N 
d/N 


(2) Fe" (N) = 2% F’* (d,) 
d,/N 


d, ranges over all the divisors of N. 


If Nis a square free number with n prime factors , let us denote 


F’** (N) = F** ( 1#n) 
Smarandache Generalised Star Function 
(3) Fe(N) = DFO (d,) 
d,/N n> 1 
and d, ranges over all the divisors of N. 
For simplicity we denote 
F’(Np,p2...pn) = F’(N@1#n) , where 


(N,p;) = 1 fori=1ton and each p; is a prime. 


F’(N@1#n) is nothing but the Smarandache factor partition 


of (a number N multiplied by n primes which are coprime to N). 
In [3] | had derived a general result on the Smarandache 
Generalised Star Function. Inthe present note some more 
results and applications of Smarandache Generalised Star 


Function are explored and derived. 
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DISCUSSION: 


THEOREM(4.1) : 


F'*(p*) = IC, Plork) =a (4.1) 


x 
i 
Oo 


Following proposition shall be applied in the proof of this 


aa eae = oes Oe HaSe==5 (4.2) 


iM 9 


k 


Let the proposition (4.1) be true for n=r to n= 1. 


F’'*(p*) = Zeer PCOPK YPC (4.3) 


a 
Fees e(pey= > F’'*(p') 
t=0 
( p ranges over all the divisors of p* fort=Oto a) 


RHSeS PUR py Peper) ep? 2) ae oP *(p) se FC) 


from the proposition (4.3) we have 
a 
F’'*(p*) = > ass Cree P(a-k) 
k=0 


expanding RHS from k=Oto a 
Bor) - Bill Ge P(0) ea ed Gate P(1) + ae =e elG.s P(a) 
similarly 


PPa(pe jee Ca POE Ca PA) ant “GaP aot 


Fp) a ica Per P(0) + ad Gaee P(1) : a al Grier P(a-2) 
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erp) C4 PO) Cry PU) 
F™(1) = 'C,.4 P(O) 
summing up left and right sides separately we find that the 
LHS = FX *(p%) 
The RHS contains a + 1 terms in which P(0) occurs , a terms in which 


P(1) occurs etc... 


a a-1 1 
RASS Cia POO) ee Ong PO) ee ot IC Plat) 
k=0 k=0 k=0 


@) 
+ © E'S. P(a) 
k=0 
Applying proposition (4.2) .to each of the > we get 
RHS = "°C, P(0) + “*'C, P(1) +'%*?C, P(2) +... + "C, P(a) 


a 


= 2 "*C, P(a-k) 
k=0 
or a 
Bp) oS SC Pack) 
k=0 


The proposition is true for n=r+1, as we have 
a a a 

F’*(p*) = DY P(a-k) = X “Co P(a-k) = EZ “4 'Cy., P(a-k) 
k=0 k k=0 


=0 


The proposition is true forn = 1 

Hence by induction the proposition is true for all n. 

This completes the proof of theorem (4.1). 

Following theorem shall be applied in the proof of theorem (4.3) 


THEOREM (4.2) 
n-r 
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Y "CG ek KC: m* = "CG. (1+m)'"") 


k=0 
PROOF: 
n-F 
LHS = >, Oe oC m* 
k=0 


yr (n!)/{(r+k)!.(n-r-k)!} .(r#k)I/{(kK)!.(r)!}. m* 
k=0 


n-r 


x (nij/{(r)!.(n-r)!} .(n-r)!/{(k)!.(n-r-k)!} . m* 
k=0 


n-r 
{CG > aes Ge m* 
k=0 


= "C, (1+m)" 
This completes the proof of theorem (4.2) 
THEOREM(4.3): 


n 
F™*(14#n) = © °C, m"™ F(1#r) 


r=0 
Proof: 
From theorem (2.4) (ref.[1] ne have 
n n 
F*(1#n) = F ( 1# (n#1)) = } °C, F(1#r) = X °C, (1)"" F(1#r) 
r=0 r=0 


hence the proposition is true for m = 1. 


Let the proposition be true for m= s. Then we have 


n 
FS*(1#n) = > "C, s"* F(1#r) 
r=0 
or 
0 1 
F**(1#0) = "Co 8°" F(1#0) F(1#1) = 3 Crs" F#1) 
r=0 r=0 
2 3 
F°*(1#2) = "C2 8°" F(1#1) F°*(1#3) = "Cis" F(t#3) 
r=0 r=0 
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F**(1#0)= °Co F(1#0) i22(0) 


F°*(1#1) = 'Co s' F(1#0) + 'Cy S°F(1#1) mee en 
F**(1#2) = *Co s* F(1#0) + 7C, s'F(1#1) + 2Co S°F(1#2) ee ar 
F**(1#r) = "Co S° F(1#0) + Cy s'F(1#1) +. . + 'C, S°F(1#r) z2x(n) 


F**(1#n) = °Co 8" F(1#0) + "Cy s'F(1#1) +... .+"C, S°F(1#r) ----(n) 
multiplying the r'” equation with "C, and then summing up we get 
the RHS as 

=["Co°Co 8° +"Cy'Co 8) +"C2*Co 8* +... + "CxXCo 8% +... + "Ca"Co S"]F(1#0) 


PC, Crs 2°Cs Crs o°Cs Cys ti FC Crs tan Cn Ci SFO) 


(C, Crs Cry Cp Ss Fuse Cra Cs Pina Cn CaS EI HD) 


+ "C,"Cp S°]F(1#n) 


n n-r 
= Doty “Cac 'e. "Ss EG#e 
r=O k=0 
n 
= ¥"C, (1+8)"" F(1#n) , by theorem (4.2) 
r=0 


n 
LHS = > "Ge F°*(1#r) 
r=0 


Let N = pip2p3... Pa. Then there are "C, divisors of N containing 

exactly r primes . Then LHS = the sum of the s'" Smarandache 
star functions of all the divisors of N. = F *"*(N) = FS*?*(1#n). 
Hence we have 


n 
FS*9*(1#n) = °C, (1+8)9" F(1#n) 
=e 258 


F°*(1#0)= °Co F(1#0) 222260) 


F**(1#1) = 'Co s' F(1#0) + 'C, S°F(1#1) sanity 
F**(1#2) = ?Co s? F(1#0) + 2Cy s'F(1#1) + ?2C S°F(1#2) aa(2) 
F°*(1#r) = "Co s° F(1#0) + °C, s'F(1#1) +... .+ 'C, S°F(1#r) ----(r) 


F**(1#n) = "Co s" F(1#0) + °C, s'F(1#1) +...+°C, S°F(1#r) ----(n) 
multiplying the r'” equation with °C, and then summing up we get 
the RHS as 

=["Co'Co 8° +"C1'Co 8) + "C27Co 8? +... + "CuKCo SX +... + "Ca"Co S"]F(1#0) 


org er s° 4"05°C, s' + hCs° C4 s? teak Nee Ce s* 2 ae 2 "CC; s"]F(1#1) 


(Cl CrS a Cag Ces” tice "Cai Cus" ee EC As Far) 


+ "C,"C, S°]F(1#n) 


n n-r 
= DAS "Cae "C6" } Fe) 
r=Q k=0 


n 
= ¥ °C, (1+8)"" F(1#n) , by theorem (4.2) 
=0 


LHS = > "°C, F°*(1#r) 
r=0 


Let N= pip2p3... Pn. Then there are "C, divisors of N containing 
exactly r primes . Then LHS = the sum of the s'" Smarandache 
star functions of all the divisors of N. = F °*?*(N) = FS*)*(1#n). 


Hence we have: 


n 
Be (ten) = yO Cts) F(1#n) 
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which takes the same format 
P(s) > P(s+1) 
and it has been verified that the proposition is true for m = 1 


hence by induction the proposition is true for all m. 
n 
F™*(1#n) = > "C, m"" F(1#r) 
r=0 
This completes the proof of theorem (4.3) 


NOTE: 
From theorem (3.1) we have 


n 
F’(N@1#n) = F’(Npip2...pn) = 2 acnsm) F’™*(N) 


m=0 
where 


m 
Ain,m) = (1/m!) © (-1)™* ."Cy .k" 
k=1 


If N= pip2...px, Then we get 

: n k 

F(1#(ktn) = YY [aim © “Cy m™* F(1#t)] — --e-e (4.4) 
m=0 0 


t= 


The above result provides us with a formula to express B, in 
terms of smaller Bell numbers. It is in a way generalisation of 


theorem (2.4) in Ref [5]. 


THEOREM(4.4): 


a n 
F(a,1#(n+1)) = >, >, "C, F(k,1#r) 
k=Q r=0 


PROOF: LHS 7 F(a, 1#(n+1)) = Pitp D1P2P3. : -Pn+1 ) = F’*(p°p1p2p3. 
oe + YF’ { all the divisors containing only p°) + SF’ (all the 
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divisors containing only p') + SF’ ( all the divisors containing only 
p*) +... .+ F’ ( all the divisors containing only Dit: oot EE Call 


the divisors containing only p*) 


n n n 


n 
= 2, °C, F(0,1#r) + DC, F(4, 141) + °C, (2,141) + °C, F(3, 140) 
r=0 r=0 r=0 r=0 


n 


n 
#...4 0) "C, E(k, t#r) +. 2.4 DC, Fla, 148) 
r=0 r=0 


n 


"C, F(k, 1#r) 
=0 


-—: 


k=O fr 
This is a reduction formula for F(a,1#(n+1)) 


A_Result of significance 


From theorem (3.1) of Ref.: [2], we have 


n 
F’(p°@1#(n+1)) = F(a,1#(n+1)) = Dy Biaxin FON) 
m=0 
where 
m 
A(net,m) = (1/m!) ¥ (-1)™* .™C, KO"! 
k=1 
and 
04 
F’™*(p*) ee y, au Cae P(a-k) 


k=0 


This is the first result of some substance , giving a formula for 
evaluating the number of Smarandache Factor Partitions of 
numbers representable in a ( one of the most simple ) particular 
canonical form. The complexity is evident. The challenging task 
ahead for the readers is to derive similar expressions for other 
canonical forms. 
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